In actual application, sensors are prone to failure because of harsh environments, battery drain, and sensor aging. Sensor fault location is an important step for follow-up sensor fault detection. In this paper, two new multi-level wavelet Shannon entropies (multi-level wavelet time Shannon entropy and multi-level wavelet time-energy Shannon entropy) are defined. They take full advantage of sensor fault frequency distribution and energy distribution across multi-subband in wavelet domain. Based on the multi-level wavelet Shannon entropy, a method is proposed for single sensor fault location. The method firstly uses a criterion of maximum energy-to-Shannon entropy ratio to select the appropriate wavelet base for signal analysis. Then multi-level wavelet time Shannon entropy and multi-level wavelet time-energy Shannon entropy are used to locate the fault. The method is validated using practical chemical gas concentration data from a gas sensor array. Compared with wavelet time Shannon entropy and wavelet energy Shannon entropy, the experimental results demonstrate that the proposed method can achieve accurate location of a single sensor fault and has good anti-noise ability. The proposed method is feasible and effective for single-sensor fault location.
Introduction
Sensors have been widely employed for various monitoring and control applications to collect measurement of sensed events. Due to the possible harsh deployment environments, battery drain, and sensor aging, sensors are prone to failure. Measurement from a faulty sensor will lead to incorrect decisions and incorrect judgment. In practical applications, sensor fault identification and sensor fault location are two equally important issues. The former is to find whether there is any faults in sensor data, the latter is to determine which time data is reliable, which time data is not reliable. Fault location is the prerequisite for sensor replacement, maintenance, data deletion, and correction.
In the research field of sensor fault location, correlation analysis methods [1] [2] [3] [4] [5] and statistics methods [6] [7] [8] [9] [10] are commonly used. Wavelet transform, as a time-frequency analysis technique, has been widely used in many practical applications, such as feature extraction and noise elimination. Shannon entropy is a measure of the amount of information in the communication field. A new technique which associated wavelet transform with Shannon entropy was developed for signal analysis. Wang et al. [11] applied the wavelet time-entropy to extract features after wavelet packet decomposition, and the extracted features were used in a support vector machine method for identification of the normal and five types of abnormal heart sounds. He et al. [12] gave six different definitions about wavelet entropy, and used the wavelet entropy to identify fault in a power system. Chen et al. [13] discussed the difference between Shannon entropy and Tsallis entropy, and proposed wavelet packet Tsallis entropy to detect transient disturbances in power systems. Liu et al. [14] combined wavelet packet with Tsallis singular entropy to detect transient disturbances in power system. Bafroui et al. [15] extracted wavelet energy entropy and statistical metrics for the features of ball bearings, and used artificial neural network to diagnose faults of ball bearings.
In this paper, a methodology is proposed for single-sensor fault location. In the method, considering the characteristics of energy distribution and the characteristics of spectrum distribution across multi-subbands in the wavelet domain for sensor fault signals, multi-level wavelet time Shannon entropy and multi-level wavelet time-energy Shannon entropy are defined. The method firstly uses a criterion of maximum energy-to-Shannon entropy ratio to select the appropriate wavelet base for signal analysis, then applies two kinds of proposed multi-level wavelet Shannon entropy to locate sensor fault. This paper is organized as follows. In Section 2, several different sensor faults are introduced. Section 3 is the basic knowledge about discrete wavelet transform and wavelet Shannon entropy. In Section 4, the definition of two kinds of multi-level wavelet Shannon entropy and the proposed method are presented in detail. Using practical data, the performance of the proposed method is demonstrated in Section 5. Section 6 is the conclusion.
Sensor Fault
The sensor faults can be classified into various categories [16] [17] [18] . In this paper, we investigate five kinds of common sensor faults; that are bias, drift, stuck-at, complete failure, and precision degradation. They are introduced respectively as below.
Given the output of a sensor is ( )
where ( ) x t is the measured value of the sensed physical event, and '( ) x t is the true value of the sensed physical event, x e is the error of the system.
Bias Fault
The measured values of sensor is bias from the true phenomenon by a constant amount. The data still exhibits normal patterns over an extended period. Based on Equation (1), the bias fault can be expressed as Equation (2):
where 0 C is the constant for bias from the true value, t , represents the current moment, and 0 t represents the moment of bias occurrence.
Drift Fault
Sometimes, sensor performance may drift away from the original calibration formulas. That is, the drift parameters may change over time. Based on Equation (1), the drift fault can be expressed as Equation (3):
where α is a constant, representing the scale of drift, t represents the current moment, and 0 t represents the moment of drift occurrence.
Complete Failure
The sensor is fail suddenly, and the measured value of sensor is a constant amount. Complete failure is given as:
where C is a constant for the sensor's measured value, t , represents the current moment, and 0 t represents the moment of complete failure occurrence.
Stuck-at Fault
A "stuck-at" fault is defined as a series of data values that experiences zero or almost zero variation for a period of time. The zero variation must also be counter to the expected behavior of the phenomenon. The sensor may or may not return to normal operating behavior after the fault. It may follow either an unexpected jump or unexpected rate of change. The data around such a fault must exhibit some variation.
While it is similar to "complete failure", they differ in that the data value around the constant for stuck-at behave normally, and the data value is always be the same value after a complete failure occurrence. So complete failure is a special case of stuck-at failure.
Precision Degradation
The sensed capacity of the sensor goes poor, and the measurement precision degraded. Although it is difficult to find precision degradation, precision degradation have weakly impacts on system behavior. By contract, bias fault and drift fault is also not easy to be found, but they have big effect on system. Thus, the detection of bias, drift, and stuck-at faults are the main focus of this paper.
Discrete Wavelet Transform (DWT) and Wavelet Shannon Entropy

Discrete Wavelet Transform
Wavelet transform is a powerful tool to detect both stationary and transient signals. The wavelet transform technique has special benefits for describing signals at various localization levels in time, in addition to frequency domains [15, 19] . Discrete wavelet transform is obtained by discretizing the scaling and shifting parameters in continuous wavelet transform. The discrete wavelet transform can be efficiently realized by means of a pair of low-pass and high-pass wavelet filters. These filters, also known as the quadrature mirror filters (QMF), are reconstructed from the selected wavelet and its corresponding scaling function. Through such a pair of filters, the signal is decomposed into low-and high-frequency components, respectively. The approximation coefficient represents the low-frequency component of the signal, and the detail coefficient corresponds to the high-frequency component. Usually, through the Mallat algorithm, a signal is decomposed and reconstructed in multi-scale. This procedure is expressed as follows: 
where ( ) H n and ( ) G n denotes low-pass filter and high-pass filter for reconstruction, respectively. ( ) j D n and ( ) j A n denotes the reconstructed detail signal and the reconstructed approximation signal at each scale; that is, the single-branch reconstruction signal.
The frequency range corresponding to the decomposition coefficient at each level (or the single-branch reconstruction signal) was expressed as:
where s f is the sampling rate of signal. The original signal ( ) x n can be expressed as:
In order to unify expressions, (
A n is denoted with 1 ( )
Thus, ( ) x n can be expressed as Equation (9):
In practical applications, wavelet transform combined with Shannon entropy is always used for signal processing. Here, two different wavelet Shannon entropies are introduced [12] [13] .
Wavelet Time Shannon Entropy (WTE)
A sliding-window W is defined at j-th single-branch reconstruction signal { }
, and the width of the window is 2 w N ≤ ≤ . The sliding factor is 1 w δ ≤ ≤ . Then the sliding window should be expressed as:
The sliding window is divided into the following R sections:
where { } Thus, the definition of wavelet time entropy at j scale is expressed as:
Wavelet Energy Shannon Entropy (WEE)
Given the energy in sliding window W at j scale is ( )
The definition of wavelet energy Shannon entropy is expressed as below.
where
is the total energy in W at all scale. [20] [21] [22] In general, all the base wavelets can be used for implementing wavelet transform for signal analysis. For the faulty sensor signal under investigation, an appropriate wavelet, however, should be capable of extracting the sensor fault vibrations effectively. As it is known, the wavelet transform essentially measures the similarity between the signal to be analyzed and scaled version of a base wavelet. The more similar the analyzed signal to the wavelet base function is, the higher the magnitude of the wavelet decomposition coefficient. For a sensor fault signal, an appropriate wavelet will yield high magnitudes of wavelet coefficients. Meanwhile, the corresponding energy will be large, and the energy concentration will be high. In another word, an appropriate wavelet can extract the maximum amount of energy while minimizing the Shannon entropy of the corresponding wavelet coefficients. [20] [21] [22] combine the energy and Shannon entropy of a signal's wavelet coefficients and define an energy-to-Shannon Entropy ratio, denoted as (15) , which is used to select an appropriate wavelet in this paper. The base wavelet that has produced the maximum energy-to-Shannon entropy ratio was chosen to be the most appropriate wavelet, i.e., the maximum energy-to-Shannon entropy ratio criterion.
Methodology
Wavelet Selection Criterion
is the energy of wavelet coefficients at j scale, ( , ) wt j k is the k-th wavelet coefficient of j scale, and K is the total number of wavelet coefficients.
where 2 a = , the same as follows. k p is the energy probability distribution of the wavelet coefficients, 
Proposed Multi-Level Wavelet Shannon Entropy
Through experimental analysis, we get the characteristics of the spectrum about faulty sensor data. The spectrum of faulty sensor data is concentrated in the low-frequency band primarily. Compared with the spectrum of normal sensor data, the spectrum of faulty sensor data differs not only in the lowfrequency band but also in the high-frequency band. Thus, after applying wavelet transform to faulty sensor data, the feature of the sensor fault is reflected not only in the low-frequency sub-band but also in the high-frequency sub-band. The definition of wavelet time Shannon entropy in Equation (12) aims at the single sub-band, and cannot completely reflect the features of a sensor fault. In order to fully consider the feature of a sensor fault, single-branch reconstruction signals of all sub-bands are used to calculate the Shannon entropy.
When the selected wavelet base is applied to a faulty sensor signal, the magnitude of the wavelet coefficient in the fault-frequency sub-band is high, and other coefficients are low. In addition, the major signal energy concentrates in this sub-band, i.e., minimizing Shannon entropy in this sub-band [21] . Due to the fact that the energy can better represent the coefficient variation and coefficient distribution, the energy of a single-branch reconstruction signal of all sub-bands is used to calculate the Shannon entropy.
Considering all single-branch reconstruction signals and the corresponding energy as a whole, multi-level wavelet time Shannon entropy and multi-level wavelet time-energy Shannon entropy was proposed as a feature to locate a sensor fault. They are defined as follows.
Multi-Level Wavelet Time Shannon Entropy (MWTE)
A sliding window W is applied on single-brand reconstruction signal of all sub-band
, and all data in the sliding window is expressed as follows:
All data in ( ) 
Multi-level Wavelet Time-energy Shannon Entropy (MWTEE)
A sliding window W is applied to the energy of a single-band reconstruction signal in all sub-bands
, and all energy data in the sliding window is expressed as: 
Multi-Level Wavelet Shannon Entropy Based Sensor Fault Localization Method
The following steps explain the proposed method in this paper. The corresponding flowchart is shown in Figure 1 . (1) Base wavelet selection: using 20 kinds of base wavelets to calculate the energy-to-Shannon entropy of a fault sensor signal. According to the maximum energy-to-Shannon entropy criterion, the appropriate base wavelet is determined. (2) Fault Location: calculate MWTE and MWTEE of the faulty signal, using their impulse peak position to locate the occurrence time of faults.
Using spectrum analysis to determine fault-frequency band According to the fault frequency, the wavelet decomposition level J is determined, and the energy-toShannon entropy ratio is calculated using different base wavelet
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Experiments Result and Performance Analysis
In order to assess the feasibility and effectiveness of the proposed method, an actual sensor dataset is used in the following experiments.
The experimental dataset is comprised of time-series measurement recordings collected from an array of 72 metal-oxide gas sensor array-based chemical detection platform [23] . The sensor array includes nine portable modules, each with eight sensors. The data sampling rate is 100 Hz. One minute sampling data of one sensor is used as the original research object. Based on the original data, three kinds of faults (bias, stuck-at, and drift) are injected. For bias fault, the bias constant is 2% of the maximum of original data. In each stuck-at fault, there are two segments of data with constant value, 102% of the average value of the original data. In the drift fault groups, drift rate is 1% of the maximum original data per minute. Normal sensor data and fault sensor data are shown in Figure 2 , respectively. 
Wavelet Base Selection
Wavelet transform is applied to decompose signal, and each sub-band frequency range satisfies Equation (7) . Given id f is the frequency to be analyzed, the wavelet decomposition level J should satisfy Equation (23):
Under 100 Hz sampling rate, the original data is decomposed into J sub-bands using wavelet transform. The frequency range of each sub-band is shown in Table 1 . From decomposition levels one to four, each sub-band has a different frequency range. Shown in Figure 3 , all the different kinds of sensor fault signal spectrum mainly concentrate in the low frequency band, bandwidth is about 4 Hz. Referring to Table 1 , the fault is located in the 0 Hz-6.25 Hz frequency range, so the wavelet decomposition level J is chosen to be three. Table 2 shows the energy-to-Shannon entropy ratio after decomposition of sensor fault signals by using a different wavelet base. Before wavelet decomposition, the data is normalized. Based on the maximum energy-to-Shannon entropy ratio criterion, the Dmey wavelet possesses the highest values and, thus, is chosen as the most appropriate wavelet to process the sensor fault signal. 
Fault Location and Performance Assessment
In this part, the fault location method proposed in this paper will be assessed, and the location performance of sensor fault will be compared with the location performance using the wavelet time Shannon entropy and wavelet energy Shannon entropy. Here, the window width w = 20, section numbers R = 500, sliding factor 1 δ = .
Experimental Result of the Proposed Method
Figures 4 and 5 are the positioning results of bias, drift, and stuck-at faults using MWTE and MWTEE separately. Experiments show that MWTE and MWTEE can be used as a good mean to locate bias faults and stuck-at fault, but cannot be used to locate drift fault. Figure 6 is the positioning results of bias, drift, and stuck-at fault using WTE. Compared with Figure 2 , it is easy to find the wavelet time entropy, but cannot locate the occurrence time of bias and drift. For stuck-at faults, WTE can locate the occurrence time, but with low precision. Figure 2 , for bias and stuck-at faults, the position of the wavelet energy entropy's peak value is the same as the occurrence time of fault in Figure 2 . That means WEE can be used to locate these two types of faults, but with low impulse amplitude of about 10 . Such small amplitude values are easy to be submerged in noise and are not suitable for practical applications. For drift fault, the WEE cannot locate the fault.
Experimental Result of Fault Location Using WTE and WEE
Fault Location Performance Analysis with Different Signal-Noise Ratio (SNR)
According to the above results, it can be concluded that in the absence of noise, the WEE, the proposed methods of this paper can locate the bias and suck-at faults. WTE only locates stuck-at faults.
In order to verify the location performance of the proposed method under noise, several different levels of Gaussian white noise are superimposed to the faulty signals, and location performance of WEE, WTE, MWTE, and MWTEE are examined. Figures 8-10 show the corresponding results of these four methods, when SNR = 45 db.
Compared to Figure 2 , Figure 8 shows that WEE and WTE cannot locate the position of the fault under low noise. Instead, in Figures 9 and 10 the peak values of MWTE and MWTEE are consistent with the occurrence time of faults in Figure 2 . Under the same conditions, MWTE and MWTEE can locate the faults. Additionally, MWTEE is more suitable for fault location than MWTE under low noise. 
Conclusion
Aiming at several typical single-sensor faults, bias, drift, and stuck-at, this paper proposed a new fault positioning method based on multi-level wavelet Shannon entropy. Considering fault signal frequency distribution characteristics, i.e., sensor fault-frequency distributions across multi-subbands in wavelet domain, multi-level wavelet time Shannon entropy, and multi-level wavelet time-energy Shannon entropy are proposed to locate fault occurrence time.
The performance is evaluated using actual chemical gas concentration data. Experimental results demonstrate the proposed method in this paper is feasible and effective for bias and stuck-at fault locations. Compared with wavelet time entropy and wavelet energy entropy, the proposed method has good anti-noise performance. However, the method is not suitable for drift fault positioning. Follow-up studies will pay more attention on how to solve drift fault positioning.
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